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SUMMARY: In the present paper, a universal symbolic expression for radial
distance of conic motion in recursive power series form is developed. The impor-
tance of this analytical power series representation is that it is invariant under many
operations because the result of addition, multiplication, exponentiation, integra-
tion, differentiation, etc. of a power series is also a power series. This is the fact
that provides excellent flexibility in dealing with analytical, as well as computational
developments of problems related to radial distance. For computational develop-
ments, a full recursive algorithm is developed for the series coefficients. An efficient
method using the continued fraction theory is provided for series evolution, and two
devices are proposed to secure the convergence when the time interval (t — to) is
large. In addition, the algorithm does not need the solution of Kepler’s equation
and its variants for parabolic and hyperbolic orbits. Numerical applications of the
algorithm are given for three orbits of different eccentricities; the results showed
that it is accurate for any conic motion.
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1. INTRODUCTION

It is undoubtedly true that the analytical for-
mulae of space dynamics usually offer much deeper
insight into the nature of problems they refer to.
Moreover, the nowadays existing symbols used for
manipulating digital computer programs opened the
gate towards establishing a new branch of space dy-

namics known as the algorithmization of space dy-
namics (Brumberg 1995). A great effort has been
devoted up to now, and is being devoted at present
to develop symbolic computing algorithms for some
problems of astrodynamics as well as astrophysics
(e.g. Sharaf and Saad 1997, Sharaf et al. 1998,
Sharaf 2005, Sharaf 2008, Sharaf and Sendi 2011,
Sharaf et al. 2012, Sharaf and Saad 2013).
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In the absence of closed analytical solution of
a given differential system, a power series solution
(which is of course assumed to be convergent) can
serve as the analytical representation of its solution.
Moreover, it is worth noting that the power series is
one of the most powerful methods of mathematical
analysis and is much more convenient than the ele-
mentary functions especially when the problems are
to be studied on computers. In fact, most comput-
ers often use series in calculations of the majority of
elementary functions.

Coping with the above important line of recent
approach, the present paper is devoted to establish
a universal symbolic expression for radial distance of
conic motion.

Radial distances are vital to a class of orbit
determination problems which depend on range mea-
surements (Vallado 1997). The importance of these
analytical power series representation is that they are
invariant under many operations because addition,
multiplication, exponentiation, integration, differen-
tiation, etc of a power series is also a power series.
This is the fact which provides excellent flexibility
in dealing with analytical, as well as computational
developments of problems related to radial distance.
For computational developments, a full recursive al-
gorithm is developed for the series coefficients. An
efficient method using the continued fraction theory
is provided for series evolution, and two devices are
proposed to secure the convergence when the time
interval (¢t —tp) is large. In addition, we do not need
the solution of Kepler’s equation and its variants for
parabolic and hyperbolic orbits.

The importance of the universal recurrent
power series representation of the radial distance es-
tablished in the present paper are due to the fol-
lowing facts. Its universal nature avoids critical sit-
uation in some orbital systems; this is because the
type of an orbit is occasionally changed by perturb-
ing forces during finite interval of time. Thus far,
we have been obliged to use different functional rep-
resentations for motion depending on energy state
(elliptic, parabolic, or hyperbolic), and the simula-
tion code must then contain branching to handle a
switch from one state to another. In cases when this
switching is not smooth, branching can occur many
times during a single integration time-step causing
some numerical problems. Consequently, universal
formulations are desperately needed, so that the or-
bit determination is free of complications, since a
single functional representation suffices to describe
all possible states. In addition, the recursive nature
of the developed power series (recurrent power se-
ries) facilitates their computations. By these points
mentioned above, we claim that our method may be
optimal in terms of the orbit determination problem.

2. BASIC FORMULATION

2.1. Differential equations

The polar equation for relative motion of the
two body problem is given as

P—r0? = —p/r?, (1)
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where 7 is the radial distance, 6 the true anomaly,
1 is the gravitational parameter, and 6 = |/up/r?,
where p is the orbital parameter. Here a dot over a
symbol denotes its time derivative. Since p is con-
stant for the two body problem, Eq. (1) could be
written as

4= —eq, (2)

where X
q=r—p, e=p/r. (3)

2.2. Lagrange’s Fundamental Invariants

Lagrange’s fundamental invariants (Battin
1999) e, A and ¢ are defined as

e=p/rs. (4)
1 S

/\zr—2<7‘,v>, (5)
1 oo

’(/J:T—2<U7U>, (6)

where < /Y, B > denotes the scalar product of vectors

A and B. The quantities €, A and v are ”invariant”
because they are independent of the selected coordi-
nate system and ”fundamental” because they form
a closed set under the operation of time derivative,
where

de
" E = —35)\7 (7)
_ P 2
o (8)
dip
L= 2\ +y). 9)

3. POWER SERIES SOLUTION
3.1. The basic differential equations

The basic differential equations that concern

us in the subsequent analysis are Egs. (2) and
(7) — (9) written as
d?q
ﬁ +eq = O, (10)
de
— A= 11
7 + 3¢ 0, (11)
d
W oNe+v) =0, (12)
dt
dX
— et 2X2 - =0, (13)

dt
where ¢, A and ¢ are defined by Eqgs. (4) — (6).
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3.2. Power series solutions

Power series solutions for the above set of
differential equations could be developed as follows

from Battin (1999). Expanding each of the functions
q,€, X\ and ¥ in a Taylors series in time we have

q= iqn(t—to)”» (14)

e i enlt — to)", (15)
=0

A= i At — to)™ (16)
=0

¥ = ioﬂ)n(t —to)". (17)

The procedure is to substitute the four series given by
Egs. (14) — (17) into the four differential Eqs. (10)—
(13) and then solve for the coeflicients ¢y, €5, A, and
1, by comparison of the coefficients of powers of

time. The central mathematical device used is the
general relation

(Z O‘"X"> (Z M”) =2 Y wh X",
n=0 n=0 n=0rv=0
(18)

which converts the product of two infinite series to a
double summation.

3.3. Recurrence relations

The resulting recurrence relations are

-1 n
nt2 = TN oy iQn—i, 19
Gn+2 (n+1)(n+2);6q (19)

n

-3
n = 7N i)\n—ia
En+1 (n n 1) 26

i=0

(20)

1 n
)"ﬂ+1 = (TL n 1) {"/}n —&n — 2;)\1)\711} ) (21)
-9 n
Vg1 = CE) ;)\i(snﬂ‘ + Pp_i). (22)

3.4. The starting values

The starting values for the recurrence re-
lations of Egs. (19)-(22) are g0 = q(to).q1 =
q(to),e0 = €(to), Ao = A(to) and ¥y = ¥(ty) could
be obtained from the known position and velocity

vectors 7o (xo, Yo, 20) and 7o(Zo, Yo, 20) at time ty by
the following algorithm

ro = (a8 + 3 +28)"%

€0 = p/rg;

q1 = (oo + yoyjo + 20%0)/70;
Xo = q1/70;

Yo = (Zo® + 3o° + Z0°)/73;
he = YoZo — 20%Yo;

hy = 20Ty — T0Zp;

h. = xoyo — YoZo;

qo =ro — (h2 + h +h%)/u;

© XN AW

Having obtained the ¢’s, €’s, A’s and ¥’s co-
efficients recursively from Eqgs. (19)-(22), the power
series expansion of r

r=ro+ an(t —to)",

n=1

(23)

is valid for any conic orbit (elliptic, parabolic, hyper-
bolic).

4. SYMBOLIC AND NUMERICAL
APPLICATIONS

4.1. Symbolic expansions

Using the symbolic manipulation capability of
the software package Mathematica, we generate the
coefficients ¢;;j = 2,3, ...,10 in terms of the known

initial values qo, q1, €0, Ao and ¥y, which are listed in
Appendix A.

4.2. Numerical applications

The numerical evaluation of power series (say)

g="> qn(t—to)", (24)
n=0

may diverge when A = (t—tg) is large. To avoid this
difficulty, the following two devices could be used.

4.2.1 Canonical units
We use the following transformation rules
(Vallado 1997)

Rules 1: Physical to Canonical
1= 398600.4415 km® /s?> — = 1ER?/TU?

Distance p in km — p* in ER such that
p*=p/ER

time ¢ in s — time ¢* in TU such that t* = ¢/ f1
speed s in km/s — speed s* in ER/TU such
that s* = s/f2 where ER=6378.1363 km is

the mean equatorial radius of the Earth, f; =
806.8109 s and fo = 7.90536 km/s.

After performing the computations using
these canonical units, we can convert the results
into the physical units by applying the following
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Rules 2: Canonical to Physical
p=1ER2?/TU? — ;i = 398600.4415 km?® /s2

Distance p* in ER — Distance p in km such
that p =p* X ER

Time t* in TU — Time ¢ in s such that
t=1t"x fl

speed s* in ER/TU — Speed s in km/s such
that s = s* x fs.

If the time interval A were still large (because
in orbit determination A is usually small, but we in-
clude the device to cover all possibilities that may
occurr) we can use the following device.

4.2.2. Division of the time interval

In the case in which time interval is large we
can use the process of repeat decrementing of the
time interval several times, so each time interval
could be made as small as we desired.

4.2.3. Continued fraction

In fact, continued fraction expansions are gen-
erally far more efficient tool for evaluating the clas-
sical functions than the more familiar infinite power
series. Their convergence is typically faster and more
extensive than the series. Due to the importance of
accurate evaluations and the efficiency of continued
fractions, we propose to use them as the computa-
tional tools for evaluating the radial distance. To do
S0, two steps are to be performed:

1. Transform the given power series into continued
fraction (point a)

2. Evaluating the resulting continued fraction (point
b)

(a) Euler’s transformation

Generally an infinite series (a power series is
its special case) of functions could be converted into
a continued fraction according to Euler’s transforma-
tion (Battin 1999) which is

ZUk— ni1 _ ny nNg N3 N4
P di + 7= d::S’% 1+ do+ d3+ ds+

(25)
where

ny = Upsng =Ursng = —U;—1 x U;—3, Vi > 3, (26)

dy :1;dj :Uj,Q—l—Uj,hViZZ (27)

(b) Top-down continued fraction evaluation
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There are several methods available for evalu-
ation of a continued fraction. Traditionally, the frac-
tion was either computed from the bottom up, or the
numerator and denominator of the n-th convergent
were accumulated separately with three-term recur-
rence formulae. The drawback of the former method,
obviously, is that one has to descend far down the
fraction to ensure convergence. The drawback of the
latter method is that the numerator and denomina-
tor rapidly overflow numerically even though their
ratio tends to a well defined limit. Thus, it is clear
that an algorithm that works from top down while
avoiding numerical difficulties would be ideal from a
programming standpoint.

Gautschi (1967) proposed a very concise al-
gorithm to evaluate continued fraction from the top
down and may be summarized as follows. If the con-
tinued fraction is written as

ny n2 N3

q= R d3——|— (28)
then initialize the following parameters
ar = 1;b1 = n1/di, g = na/da, (29)
and iterate (k = 1,2, ...) according to
Ohi1 = (30)
1+ dk;:il ak
ber1 = (ar — 1)br; qryr = qr + bry1- (31)

In the limit, the ¢ sequence converges to the value
of the continued fraction.

4.2.4. Numerical examples

In what follows, we shall consider three orbits,
the first is elliptic, the second is parabolic, while the
third is hyperbolic. The initial position and velocity
vectors of the orbits are listed in Tables 1 and 2.

Table 1. The initial position vector.

Orbit xo(km) yo(km) zo(km)
1 5096.530625 3997.328251  -1767.35171
2 -1616.940994 7756.699643 -7712.188395
3 10000 0.0 0.0

Table 2. The initial velocity vector.

Orbit Zo(km/s) yo(km/s) Zo(km/s)

1 4.683016085  0.602386847
2 -0.6730303137  8.434930957
3 0.0 0.0

4.217758697
0.7055483746
9.2
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Table 3. The values of the q’s coefficients and A7 for the three orbits.

j qE; Ip; qH, AL

1 0.354604 0.698714 0.0 0.619724
2 -0.206308 0.0255706 0.228516 0.384058
3 0.0188294 -0.0326577 0.0 0.23801
4 -0.0032861 0.0170693 -0.0215942 0.1475
5 -0.0036932 -0.00697602 0.0 0.0914095
6 0.00443825 0.00219 0.0036222 0.0566486
7 -0.00398278 -0.000350869 0.0 0.0351065
8 0.00313643 -0.000167967 -0.00074509  0.0217563
9 -0.0023212 0.00020834 0.0 0.0134829
10 0.00164359 -0.000131368 0.000170544 0.00835569

For all three orbits we take tg = 0,¢ = 500 s,
m = 10, where m is the number of terms in the series
of Eq. (23). Applying the recurrent computations of
Section 3 together with Rules 1 of Subsection 4.2.1
we get respectively for the value of gg of the three or-
bits the values gg, = 0.481274 ER, ¢,, = —0.266446
ER, and gg, = 0.481274 ER. The other coeflicients
qj;j = 1,2,...,m are listed in the first three columns
of Table 3 together with the value A7 in the fourth
column. Finally we compare the value of the radial
distance r at ¢ = 500s = 0.619724 TU as computed
from the above algorithm with its exact value; these
comparisons are listed in Table 4 for the three orbits.

Table 4. Comparison between the computed and
exact values of r.

Orbit Computed r(ER) Exact r(ER)
1 1.1969909 1.1969867
2 2.17063610 2.17063456
3 1.6526248 1.6526326

Although we used relatively small number of
terms for the power series, Table 4 shows that the
present algorithm is accurate enough (~ 107°) for
predicting radial distance of any conic orbit.

In concluding the present paper, we stress that
universal symbolic expression for radial distance of
conic motion in recursive power series forms is devel-
oped. The importance of this analytical power series
representation is that they are invariant under many
operations because, the addition, multiplication, ex-
ponentiation, integration, differentiation, etc. of a
power series is also a power series. This is the fact
which provides excellent flexibility in dealing with
analytical as well as computational developments of
problems related to radial distance. For computa-
tional developments, a full recursive algorithm is de-
veloped for coeflicients of the series. Also an effi-
cient method using the continued fraction theory is
provided for series evolution and, moreover, two de-
vices are proposed to secure the convergence when
the time interval (¢ — to) is large. In addition, we
do not need the solution of Kepler’s equation and its
variants for parabolic and hyperbolic orbits.

Numerical applications of the algorithm are
given for three orbits of different eccentricities; the
results showed that it is accurate for any conic mo-
tion.
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Appendix A: SYMBOLIC EXPRESSIONS
OF THE Q’S COEFFICIENTS

g2 = —qoco/2!,
g3 = —€o(q1 — 3qoXo)/3!,
qa = €0(6q1 X0 + qo(—2e0 + 3(=5AF + 10))) /4,

qs = 60(15(]0/\0(260—|—7/\(2)—3¢0)—|—(]1(—8€0+9(—5)\%+
g = 50(30q1)\0(560 + 14/\(2) - 6w0) — QQ(22€(2) +
620(7T002 — 11¢0) 4 45(2108 — 1472900 + ¥2))) /6!
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qr = (eo(— q1(17263+36ao(70A3—11¢0)+225(21A3—
14X + wo)) + 63qoo (122 + 4e0(2502 — 9g) +
5(33)\4 30\3vo + 5¢2)))) /7!,

qs = (50(126q1)\0(526% + 1480(25/\% — 9¢0) +
15(33)\ — 064 — 30\ — 0% — 0 + 5¢02)) — qo(58450
36c2(56003 — T3v0) + 5450(1925)\4 — 1120\3%o +
6742) +315(429N5 — 495 \deho + 135312 — 5%))))/8'
qo = (50(15q0)\0(2368a 08 + 44460(77)\2 — 244g) +
1850(7007)\4 — 569833 + 82713) + 189(T15A§ —
1001 & + 38535 — 35¢3)) — qu(7136e3 +

1082(1785)2 — 2321) +43250(1925)\4 — 11207292 +
671h3)+2205 (4295 —495\31po+ 1350202 —5¢8)))) /9!,
g0 = (e0(30g1M0(15220e3 + 1223(14938)3
464T0) + 8150(7007/\4 — 5698)\2 % + 827%)
756(715)\6 — 1001X§eoo + 385A3w3 — 3543))
q0(28384sf  + 4850(31735)\2 —  35481y)

54e3(245245)\8  —  126940\30  + 6559%)

90e0(4204200\§ — 441441089 + 107514\ wo
34611/}0) + 14175(2431)\8 4004310 + 200273452

308A208 + Tyd)))) /101

|++I+I
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YK 521.3
Opuzurastu HayuHy pPao

Y oBOM pany U3BEIEH je YHUBEP3AJIHU CUM-
BoNMMYKM M3pa3 3a PalujalHy yIa/beHOCT Iy Tame
JaTe KOHYCHUM IIPECEKOM. Hadaj OBOT' aHa-
JUTUYKOT M3pas3a je y ToMe ITO je OH uMNea-
pujarman y OOHOCY Ha MHOTe omepamnuje Koje
jenaH CTelleHUW pen IpeBoLe y Apyru: cabumpame,
MHOMK€EIe, CTeNeHOBame, WHTerpajbeme, aude-
peanupame, uta. OBo maje Beauky ¢iercubuUiI-
HOCT y pany Ha aHAJIUTUYKUM U HYMEPUUKAM
acmekTuMa IpobiieMa Koju ce OaBe palujaHOM
ynameromhy. IllTo ce Twuue Hymepwdykor nena,
Yy Pany je mpencTaBibeH PEKYP3UBHU AJITOPUTAM
3a m3padyHaBame KoepUIUjeHaTa YIAHOBA pelna.
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Kopumhemem Teopuje BepmKHUX pa3ioMaka gaT
je epuracaH MeTON 3a pa3BOj y pel U Ipemn-
JIOJKEHe Cy [Be TeXHUKe Koje 06e36ebhyjy kouBep-
PeHIU]y y CiydajeBuMa Kana je uaTepBai (t —
to) Besmku. AsropuraMm, HONATHO, HE 3aXTEBa
pemaBame KemnnepoBe jenHaunHe WIM AHAJIOL-
HUX jeHAYMHA 33 mapaboauvke U XumepOoauyke
nyrame. HyumMepuukm anropuraM je IPUMEHEH
Ha Tpu OpOUTE PA3IUUUTUX EKCIEHTPUIUTETA U
pesynTaTu Cy I[OKa3ajd HEeroBy TadHOCT, 0e3
003rpa Ha BPCTY KOHYCHOTI IIPECEKA.
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